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S =
∫

dDxL(Φi)

Extra dimensions form a Compact manifold M = 1
R

Physical intuition: physics at short distances should
become D-dimensional, even if it is four-dimensional
for E << M .

TWO ALTERNATIVES:

• D-dimensional one loop renormalization followed
by mode expansion Φ(x, θ) =

∑

Φn(x)Yn(θ)

OR ELSE

• One can start from the beginning from the mode
expansion S =

∫

d4xL(Φn) and then
renormalize the four-dimensional lagrangian
corresponding to the full KK tower.

ARE THESE TWO PROCEDURES EQUIVALENT?

[M,R] = 0 ?



Background Field

Φ(x) = φ̄(x) + φ(x)

Ψ(x) = ψ̃(x) + ψ(x)

S =
∫

dnx
(

1
2φMAMNφN + ψ̄Bψ+

φN Γ̄Nψ + ψ̄ΓMφM
)

One-loop effective action given by a (super)det.

W ≡ S̄ + 1
2 log sdetM

M =

(

M++ M+−

M−+ M−−

)

berM ≡ sdetM ≡
detM++det

−1
(

M−− −M−+M
−1
++M+−

)



Γ∞ given by Heat kernel

log det ∆ = −
∫

dτ

τ
e−τ∆

= −
∫ ∞

0

dτ

τ1+n/2

∑

p=0

apτ
p/2

Short time (UV) expansion: de Witt-Schwinger

Integrals diverge at the lower end.

Besides, ap =
∫

dnxbp[φ̄].



Two possible ways of regulating the proper time integrals:

• Dimensional regularization : Only one term
survives.

log det ∆|div =
2µε

ε
an(∆).

• Proper time cutoff : ε ≡ Λ−1.

log det ∆|div =
1

3
a0Λ

6
(d=6) +

1

2
a2Λ

4
(d=6)+

a4Λ
2
(d=6) + a6 log

Λ2
(d=6)

µ2
(d=6)

log det ∆|div =
1

2
a0Λ

4
(d=4) + a2Λ

2
(d=4)+

a4 log
Λ2

(d=4)

µ2
(d=4)

• This can also be applied to odd-dimensional
manifolds .



In terms of the compactification scale

d6x = d4x
d2θ

M2

Logarithmic divergences would match if

Λ2
(d=6)

M2
≡ log

Λ2
(d=4)

µ2
(d=4)

(when M → ∞)

Even that is not exactly true

a
(d=6)
4 6= a

(d=4)
4



QED6 in R
4 × T

2

Quadratic divergences:

a4 =

∫

d6x

(4π)3

(

4

3
e2F̄ 2

MN + 4e2η̄D̄/η + 12me2η̄η

)

(6D canonical dimensions:)

e2(d=6) ≡
e2

M2

ψ(d=6) = Mψ

A(d=6)
µ = MAµ



Logarithmic divergences
(The six-dimensional counterterm in d.r.)

a6 =

∫

d6x

(4π)3

(

− 1

12
e4η̄ΣMNLηη̄Σ

MNLη+

19

15
e2mη̄D̄MD̄

Mη +
2

15
e3η̄γN D̄MηF̄

MN−

−e3mη̄γMγNηF̄MN − 2e2m2η̄γMD̄Mη−

6e2m3η̄η − 11

45
e2D̄RF̄MND̄

RF̄MN+

+
23

9
e2D̄M F̄

MN D̄RF̄RN − 4

3
e2m2F̄MN F̄

MN

)



The four dimensional viewpoint

Harmonic expansion

φ(x, y) =
1

2π
√
R5R6

∑

n1,n2

φn1n2
(x)e

i
“

n1y1

R1
+

n2y2

R2

”

≡ 1

2π
√
R5R6

∑

n

φn(x)e
i n

R
.y



The four dimensional theory.

S =

∫

d4x
∑

n5,n6

(

ψ̄1
n∂/ψ

1
n + ψ̄2

n∂/ψ
2
n+

ψ̄1
n(i

n5

R5
+
n6

R6
)ψ2
n − ψ̄2

n(i
n5

R5
− n6

R6
)ψ1
n+

+m
(

ψ̄1
nψ

1
n − ψ̄2

nψ
2
n

)

−1

2
(Anµ)

∗

(

� − n2
5

R2
5

− n2
6

R2
6

)

Aµn−

1

2
(An5 )∗

(

� − n2
5

R2
5

− n2
6

R2
6

)

An5−

−1

2
(An6 )∗

(

� − n2
5

R2
5

− n2
6

R2
6

)

An6−

e
∑

m

(

ψ̄1
mA/m−nψ

1
n + ψ̄2

mA/m−nψ
2
n+

+ψ̄1
mA

m−n
5 ψ2

n

−ψ̄2
mA

m−n
5 ψ1

n − iψ̄1
mA

m−n
6 ψ2

n − iψ̄2
mA

m−n
6 ψ1

n

)

)



Gauge symmetry

δAnµ = i∂µΛn

δAn5 = − n5

R5
Λn

δAn6 = − n6

R6
Λn

SSB of 6-d Lorentz

O(1, 5) → O(1, 3) ×O(2) ×O(2)

Zero mode part

A0
5 − iA0

6 ≡ φ0 ≡ φ

Szm =

∫

d4x
(

ψ̄1∂/ψ1 + ψ̄2∂/ψ2 +m
(

ψ̄1ψ1 − ψ̄2ψ2
)

−1

2
Aµ�A

µ − 1

2
φ∗�φ

−e
(

ψ̄1A/ψ1 + ψ̄2A/ψ2 + ψ̄1φψ2 − ψ̄2φ∗ψ1
))



Ward Identities

The six-dimensional WI

1
α�∂MA

M + ∂M
δΓD

δAM
+ eψ δΓD

δψ − eψ̄ δΓD

δψ̄
= 0

The four-dimensional WI

1

α

(

(

� − |N |2
)

(

i∂µA
µ
−n +

n5

R5
A−n

5 +
n6

R6
A−n

6

)

−

− n5n6

R5R6

(

n5

R5
A−n

6 +
n6

R6
A−n

5

)

+ i∂µ
δΓ4

δAnµ
n5

R5

δΓ

δAn5
+
n6

R6

δΓ

δAn6
+

+ie
∑

m

(

ψ1
m−n

δΓ

δψ1
m

− ψ2
m−n

δΓ

δψ2
m

− ψ̄1
n−m

δΓ

δψ̄1
m

+

ψ̄2
n−m

δΓ

δψ̄2
m

)

= 0



Zero mode 4-d counterterms

a
(zm)
4 =

∫

d4x

(4π)2

(

4

3
e2F̄ 2

µν−

4e2φ̄∗�φ̄+ 8e2m2|φ̄|2−
4e4|φ̄|4 + 4e2

(

η̄1D̄/η1+

η̄2D̄/η2
)

+ 12me2
(

η̄1η1 − η̄2η2
)

+

8e3η̄2φ̄∗η1 − 8e3η̄1φ̄η2

)

The scalar φ̄ is not protected
by the four-dimensional WI



Full KK tower 4-d counterterm

a4 =

∫

d4x

(4π)2

∑

l

((

−4m4 + 2|L|4 − 8m2|L|2
)

+
4

3
e2
∑

n

F̄nµνF̄
µν
−n − 4e2

∑

n

φ̄∗n�φ̄−n−

−8e
(

m2 + |L|2
) (

Lφ̄∗0 − L∗φ̄0

)

+

8e2
∑

n

(

m2 + |L+N |2 + |N |2
)

φ̄∗nφ̄−n−

−4e2
∑

n

(N∗ + L∗)L∗φ̄nφ̄−n−

4e2
∑

n

(N + L)Lφ̄∗nφ̄
∗
−n+

+ 8e3
∑

m,n

φ̄∗m−lφ̄l−n
(

Mφ̄∗n−m −N∗φ̄n−m
)

+

4e2
∑

m,n,s

φ̄∗m−lφ̄l−sφ̄
∗
s−nφ̄n−m−

−4e2
∑

n

N∗∂µφ̄nĀ
µ
−n + 4e2

∑

n

N∂µφ̄
∗
nĀ

µ
−n+



4e2
∑

n

|N |2ĀnµĀµ−n+

+8e2
∑

n6=0

(

η̄1
l−n∂/η

1
l−n + η̄2

l−n∂/η
2
l−n

)

−

8e3
∑

m6=0,n

(

η̄1
l−mĀ/l−nη

1
n−m + η̄2

l−mĀ/l−nη
2
n−m

)

+

+24me2
∑

n6=0

(

η̄1
l−nη

1
l−n − η̄2

l−nη
2
l−n

)

+

16e3
∑

m6=0,n

η̄2
l−mφ̄

∗
l−nη

1
n−m−

16e3
∑

m6=0,n

η̄1
l−mφ̄l−nη

2
n−m+16e2

∑

n6=0

L∗η̄2
l−nη

1
l−n

+16e2
∑

n6=0

Lη̄1
l−nη

2
l−n + 4e2

(

η̄1
l ∂/η

1
l + η̄2

l ∂/η
2
l

)

−

−4e3
∑

n

(

η̄1
nĀ/n−lη

1
l + η̄2

nĀ/n−lη
2
l

)

+

12me2
(

η̄1
l η

1
l − η̄2

l η
2
l

)

+ 8e3
∑

n

η̄2
nφ̄

∗
n−lη

1
l −

−8e3
∑

n

η̄1
nφ̄n−lη

2
l + 8e2L∗η̄2

l η
1
l + 8e2Lη̄1

l η
2
l

)



Log divergences (coming from a
(d=6)
4 ).

∆Slog ≡
∫

d4x

(4π)3
e2
∑

n

(

4
(

η̄1
n∂/η

1
n+

η̄2
n∂/η

2
n +Nη̄1

nη
2
n +N∗η̄2

nη
1
n

)

+12m
(

η̄1
nη

1
n − η̄2

nη
2
n

)

+
4

3

(

F̄µν−nF̄
n
µν+

2|N |2Āµ−nĀnµ − 4i∂µĀ
µ
−n

(

n5

R5
Ān5 +

n6

R6
Ān6

)

+2Ā−n
5

(

−� +
n2

6

R2
6

)

Ān5 + 2Ā−n
6

(

−� +
n2

5

R2
5

)

Ān6

−4
n5n6

R5R6
Ā−n

5 Ān6

)

−

−4e
∑

m

(

η̄1
mĀ/m−nη

1
n + η̄2

mĀ/m−nη
2
n + η̄1

mφ̄m−nη
2
n−

η̄2
mφ̄

∗
m−nη

1
n

)

)

log
Λ2
d=4

µ2
d=4



The zero mode of the Log divergences .

(coming from a
(d=6)
4 )

∆Slog ≡
∫

d4x

(4π)3
e2

(

4
(

η̄1∂/η1 + η̄2∂/η2
)

+12m
(

η̄1η1 − η̄2η2
)

+
4

3

(

F̄µνF̄µν−

−2Ā5�Ā5 − 2Ā6�Ā6

)

−

−4e
(

η̄1Ā/η1 + η̄2Ā/η2 + η̄1φ̄η2 − η̄2φ̄∗η1
)

)

log
Λ2
d=4

µ2
d=4

Now the scalar φ̄ is protected by the 6D WI



Log-log divergences (coming from a
(d=6)
6 .

∆Slog log ≡
∫

d4x

(4π)3
e2

M2

∑

n

(

−mη̄1
n

(

19

15
(−�+

|N |2
)

+ 2m∂/+ 6m2
)

η1
n+

+mη̄2
n

(

19

15

(

−� + |N |2
)

− 2m∂/+ 6m2

)

η2
n−

2m2
(

Nη̄1
nη

2
n +N∗η̄2

nη
1
n

)

+

+
23

9
∂µF̄

µν
−n

(

∂ρF̄nρν − 2|N |2Ānν
)

−

|N |2
)

+
4

3
m2

)

F̄µνn +

+|N |2Āµ−n
(

31

15

(

−� + |N |2
)

− 8

3
m2

)

Ānµ−

−i∂µĀµ−n
(

62

15

(

−� + |N |2
)

− 16

3
m2

)(

n5

R5
Ān5+

n6

R6
Ān6

)

+

+Ā−n
5

(

31

15

(

−� + |N |2
)

− 8

3
m2

)(

−� +
n2

6

R2
6

)

Ān5



+Ā−n
6

(

31

15

(

−� + |N |2
)

− 8

3
m2

)(

−� +
n2

5

R2
5

)

Ān6

− n5n6

R5R6
Ā−n

5

(

62

15

(

−� + |N |2
)

− 16

3
m2

)

Ān6

)

log

(

M2

µ2
(d=6)

log
Λ2

(d=4)

µ2
(d=4)

)

+O(e3)

Those are new non-standard counterterms
(albeit suppressed by inverse powers of M )



Consider now the reduction
of a renormalizable theory.

QED4 in R
2 × T

2.

The standard logarithmic divergence in 4D

a4 =
∫

d4x
(4π)2

(

2
3e

2F̄ 2
µν + 2e2η̄γµD̄µη + 8e2mη̄η

)



Harmonic expansion.

S =

∫

d2x
∑

n3,n4

(

ψ̄1
n∂/ψ

1
n + ψ̄2

n∂/ψ
2
n+

ψ̄1
n(i

n3

R3
+
n4

R4
)ψ2
n − ψ̄2

n(i
n3

R3
− n4

R4
)ψ1
n+

+m
(

ψ̄1
nψ

1
n − ψ̄2

nψ
2
n

)

−1

2
(Ana)

∗

(

� − n2
3

R2
3

− n2
4

R2
4

)

Aan−

1

2
(An3 )∗

(

� − n2
3

R2
3

− n2
4

R2
4

)

An3−

−1

2
(An4 )∗

(

� − n2
3

R2
3

− n2
4

R2
4

)

An4−

e
∑

m

(

ψ̄1
mA/m−nψ

1
n + ψ̄2

mA/m−nψ
2
n+

+ψ̄1
mA

m−n
3 ψ2

n − ψ̄2
mA

m−n
3 ψ1

n−

iψ̄1
mA

m−n
4 ψ2

n − iψ̄2
mA

m−n
4 ψ1

n

)

)



Zero mode

S =

∫

d2x
(

ψ̄1∂/ψ1 + ψ̄2∂/ψ2 +m
(

ψ̄1ψ1 − ψ̄2ψ2
)

−1

2
Aa�A

a − 1

2
φ∗�φ

−e
(

ψ̄1A/ψ1 + ψ̄2A/ψ2 + ψ̄1φψ2 − ψ̄2φ∗ψ1
))



Two-dimensional tower

∆Stower =
1

ε
a2 =

1

ε

∫

d2x

4π

∑

l

4
(

m2 − |L|2

−e2
∑

n

φ̄∗nφ̄−n + e
(

L∗φ̄0 − Lφ̄∗0
)

)

The scalar is not protected by the WI



True counterterm

a4 =

∫

d2x

(4π)2
e2

M2

∑

n

(

2
(

η̄1
n∂/η

1
n + η̄2

n∂/η
2
n+

Nη̄1
nη

2
n +N∗η̄2

nη
1
n

)

+ 8m
(

η̄1
nη

1
n − η̄2

nη
2
n

)

+
2

3

(

F̄ ab−nF̄
n
ab + 2|N |2Āa−nĀna−

4i∂aĀ
a
−n

(

n3

R3
Ān3 +

n4

R4
Ān4+

)

+

2Ā−n
3

(

−� +
n2

4

R2
4

)

Ān3 + 2Ā−n
4

(

−� +
n2

3

R2
3

)

Ān4−

4
n3n4

R3R4
Ā−n

3 Ān4

)

−

−2e
∑

m

(

η̄1
mĀ/m−nη

1
n + η̄2

mĀ/m−nη
2
n+

η̄1
mφ̄m−nη

2
n − η̄2

mφ̄
∗
m−nη

1
n

)

)



Zero mode of the expansion of the true counterterm

a
(0)
4 =

∫

d2x

(4π)2
e2

M2

(

2
(

η̄1∂/η1 + η̄2∂/η2
)

+

8m
(

η̄1η1 − η̄2η2
)

+

2

3
F̄ abF̄ab −

4

3
φ̄∗�φ̄−

−2e
(

η̄1Ā/η1 + η̄2Ā/η2 + η̄1φ̄η2 − η̄2φ̄∗η1
)

)

Again, the 2D scalar is now protected.



CONCLUSIONS

• This is the correct way to implement the physical
intuition

• Physics at very short distances is truly higher
dimensional.

• Nonstandard counterterms are needed


