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Florian Bauer Gravity and Quantum Fields in Discrete Space-Times

Overview

e 6D space-times with 2 extra dimensions.
o Extra dimensions form a 2D curved disk, e.g., a part of a sphere.
o Discrete disk, 4D space continuous.

 Formal basis for effective theories of massive 4D gravitons.

— Deconstruction, transverse lattice. Arkani-Hamed, Cohen, Georgi; Hill, Pokorski, Wang
— Discrete gravitational dimensions. Arkani-Hamed, Georgi, Schwartz

o Special discretisations.

~ 6D action » Action for massive 4D gravitons.

— Mass eigenstates, dependence of mass eigenvalues on the disk parameters.
« 6D Dirac fermion on discrete disk » massive 4D fermions.

— Mass eigenstates and eigenvalues.
— Comparison with gravitons.

— Generation of light SM fermion masses.

« Refined scenario with “warping”, mass spectrum.
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Extra-dimensional curved disk in the continuum

o Space-time: 4D x 2D curved disk, 4D Metric g,

1
—— dr?— 7“2dg02,

2 M v
ds” = g, (x" )dzt'dz” — T

o Coordinates on the disk:

—radial r =0...L.
—angular ¢ =0...27,
— disk boundary: = L.

o Curvature:

— flat: e = 0.

— spherically curved: e > 0.

— hyperbolically curved: e < 0.
~ curvature radius: 1/4/e.
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Einstein’s equations

o Flat 4D space: g, = 7, = diag(1, -1, -1, —1).
o Einstein tensor:

GMN = —¢€- ?7/W.
o Include modified cosmological term that yields e - 77,

e 6D Action:
S =M [ /gl [R =22+ (g% nas)
: . 1 1
with np = diag(0, 0,0, 0, 5955 5966).
e Variation §5/5g47 = 0:
Gun + g = 0.

« Solve Einstein's equations for the flat 4D case with A = e.
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Times

6D action

o Split action:

S:Mé/d%\/\g\R:Skin+5mass+---

San — M / d°2+/g] Rio,

— 1 5

Smass - Mg/d% ‘g‘ _19559,“%5(9# gaﬁ
— 1 5

+ M [ da/lgl[ - 100"

e Usual 4D Ricci scalar: Rap.
Determinant of gasn: g = g4 - G55 o6, 91 = det g

e 55 = 1/(1 —er?), ges = r*:

1 / v« o v
mass - M(j /d4 /dg&d?“ ‘94 ‘I' ZT 1 — €T2 arg;w(g'u g b g,u g ﬁ)argaﬁ]

1 1 y y
+ Mg /d% /dgpd?“ 94 + 4 or2 09" 9" — g"g 5)(‘9@9@5]

dry/1 —

— 0" 9"") gup s

— 3" 9"")gup | -
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Gravitons
o Expand metric g, around flat 4D space 7, » graviton fields /,,:
G = Nuw + Ry
o Smass in second order in h,:

F 1
Smass — Mél/d4l’ /dg& dr _ + Z?“’\/ 1 —er? (’Lhw(nﬂ”no‘ﬁ — nuanyﬁ)arhaﬁ]
1 1

+ Mgl/d% /dgodr + = Qohw(n“”naﬁ—n“an”ﬁ)aphag]

L A1 —er?
o We do not consider hsys, hgns.

o Graviton kinetic terms in second order:

1
\ |g| R4D — 1/ |g55 966\1(8“h”“8uhw — 8“h@uh — 2huhu + 2h“8uh)
with h:=h", h, = 0"h,,,.
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Discretisation

« One lattice site in the centre, N sites on boundary at equal distance. Only two points in radial direction.

« Radial lattice spacing:

Ar =1L
 Angular lattice spacing:
2
N

o Graviton field in the centre: h° , on the boundary: h{w with j =1...

pv?

Arkani-Hamed, Cohen, Georgi; Witten; . ..
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o Discretisation prescription:

g (=1
arh“O ) — Alfr' 7»

. (hz+ _ hz)
a@h(@ ) - A()O 9

[ar sty = 3 arg(L) = dr- (D).

/ o f(9) = DA 1)

Evaluate f(L) just on the boundary.

e Apply this to Spass:

T 1
Simass = Mg‘/d4x /dgp dr _+ erl — er? 8rhuy(77“”770‘ﬁ = n“anyﬁ)ﬁrh(w]

r 1 1
+ Mél/d4x /dg&d?“ _+Zr\/1—7efr2 agohul/<77“y77aﬁ_n“anVﬁ)acphozﬁ}-
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e Result:

N
Smass — Mgl/d% ZA@AT

/ 2 . B ho v, af o, v héﬁﬁ B hgéﬁ
L 1 — eL ,u n 77'“ n )T
+1 i +1 i
4_1 1 . h/W h’,uV (nuynaﬂ . nuanyﬂ)hoéﬂ af
4[/\/ 1 — 6.[/2 AQO Agp

e Fierz-Pauli graviton mass term:

X

M; / d'zm® - huw ("0 = 0" ") hap.
e Smass in Fierz-Pauli form (non-diagonal):

N
Smass - Mf/d4$ Z
1=1

< [FmZ - (B, — )0 =00 ) (his — heg)
+m? - (bt — by, ) (0™ — n“%”@(hl+1 o) |
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e Smass in Fierz-Pauli form (non-diagonal):

N

Smass — Mf/d% Z
i=1

X [+m? - (hi,, — ho) (0™ = 00" (his — hdg)
+m? - (i = ) (0™ — oy (h — hig) |-

o Mass scales depend on Mj:

M} 1 2r
2 6
_ 6 2 2 1 el
AN o
2 M 1 N 1
M42 4 27 \/1—6L2.
« Ratio independent of My:
m?  (27)?
T A (1 —eL?)

o Can be tuned by changing the disk parameters: e, L, .
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4D Planck scale M,

e Discretise kinetic terms:

Sip = Mg‘/d%\/g}im :Mél/dgpdr V| 955966] /d4a: V 94| Rap-

proper area A

« Naive discretisation of [ dr yields no kinetic term for the centre site 7 = 0 since

\/EO(\/‘Q%‘:T:O'

e Disk has constant curvature » M, constant on all sites.
Rip terms of all N + 1 sites have the form

N
.wz/ﬁ«%%
1=0

site

N
=Y [ de VIR
1=0
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« We find

N
Mél/dsp dT\/\955g66\/d4$\/ 94| Rap — MfZ/d% V|94 Rap
J _ , i=0

proper area A

N
— MfZ/d%ﬁ \/\g4|R4D
1=0

= M42(N—|—1)/d4£€ \/‘g4‘R4D.

e 4D Planck scale on sites:

MiA

N+1

e 4D Planck scale in the continuum by integrating out the extra dimensions:

2
4

M3 = M§A = (N + 1)M}.

site ¢
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e Proper area A:

T(l—vV1-el?), e>0
=< L7, e =10

21 L L
= / dSO/ drv/|gss966] = 2 dr
’ ’ ’ 2T+ e[~ 1), e <0,

.
V1 —er?

\

e For |e|L? < 1 the area scales like A = wL? + O(eL?).

« Spherically curved, e > 0: 2-sphere with radius 1/+/€.

— First half sphere: r € [0,1/\/€]; equator at r = 1//e.
- Second half: r € [—1/4/¢,0];

r — 0 with r < 0 means approaching the antipode.
— Area of the whole sphere: 47 /e.
~ Proper length s(r):

/ dr' \/|gs5| = \/1%6742 \}Earcsin(\/ér).

 Hyperbolically curved, e < 0:

—le|L*>1: A~ 27‘(’[//\/
— Proper length s(r) = arsmh (+\/lelr)/+/|e
e Flat, e = 0: s(r) =r. B
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Massive Gravitons

e Full 4D graviton action

N
Sgraviton = MY / d'a (0B Dyl — OO — 21T, 4 21D, ')
1=0

N
+ MPY® / d*z
=1
x [+m? - (hl, — b)) ("0 — ") (his — hly)
P - (bt = by )™ =) (W = big)|

o Mass matrix

(N 1 =1 - —1\ (000 0 .. 0\
—1 1 0 2 —1 1
M7 =m? | -1 1 +m* [0 -1 2 - .
5 ; e —1
K—1 1 \0 -1 1 2
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« Diagonalisation » Mass eigenstates H/{V.

e Flat zero mode, Mg = 0:

N
1

HO _ {

uv \/m 220: 224
Equally located on all sites.
e N — 1 boundary modes, p=1... N — 1:

M; = m3 + 4m? sin® %p’

N

1 |
= ; [Sin(Qm'%) v 008(2772'%)] B,

Typical discrete Kaluza-Klein mass spectrum shifted by m? » mass gap.
Limit m < m,: masses almost degenerate.

o Heavy mode, M3 = (N + 1)m?:

N 1

N
0 = —Nhy,+ > h,|,
b e R

Peaked on the centre site with equal support on the boundary sites.

o Application: Large mass gap for m, > m » hide large extra dimensions. Kim

IRGAC 2006 14.07.2006 15/27



Florian Bauer Gravity and Quantum Fields in Discrete Space-Times

Fermions on the discretised disk
e 6D Dirac action in the continuum:

1. — _
S = / d°z /| [52' (VGHVIV b — vavj”GA@)] .

e Dirac spinor W has 8 components.
o Six 8 X 8-y-matrices G

— 4D: (with Pauli matrices o*)

o [0 1 v [ 0 oF 5_ =10

SBD: 0 =0, TF =~k 9 = iyp = —(I9)1.

- 6D:
[0 1
& = Ly 04] = (@
- 017N
G" = r%rn FOF ] = —(G"',)n=1,2,3,5,
0 I
G6 - —_T0 ] - _(G6)T
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 Decouple spinor components in the action by
V=G, &= (D, D"

®,, ©y: 4 components each.

R "0 —~* 0
z[Cba,Cbb]x [(’(y) W0>80+< (;Y Wk)ak
0

e Dirac action diagonal:

5
—1y 1 0 o,
0 e (o B v <)

‘O, = "d," with negative energy.

e 6D: Spinor ® has mass dimension g

Kinetic terms: Integrate out the extra dimensions, discretise as in the graviton case:
N
1 — A 1 — :
/d6aj |g|§z<1>b’y“(9u®b o ZN—H/d%?@g’y“@M@g.
j=0

e Rescale spinor:

X ‘= q)b\/A/(N +1).

» Y has the usual 4D mass dimension %

IRGAC 2006 14.07.2006
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o Discretisation: (similar to gravitons)

osx — (O —XO)/AT,
dx — O = X))/ Ay,

N
/dr/dgp-f — ZATA@-]”.
j=1
o Action for N + 1 4D fermions: x| r = %(1 F+°)

N
S = Z/d%%i (;7“8,»(7 —aquVMXj)
=0

- / d'z - m. (] (dk = XR) + (k= D))

- / d'aw-i-m (xi(xﬁ“ —xp) — Ok - X‘Q)X‘f) -

o Mass scales:

N+11 2n(N + 1)L
my = ArApy/|gs5966| Vs = ( ) ,

A Ar : NA)
N+11 N+ 1)L
m AP/ \955966\ 6 A Ag Am
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« Fermion mass ratio = graviton mass ratio:

o Mass matrix:

M =m, -

Diagonalisation by a bi-unitary transformation, left- and right-handed fields transform differently.

Mass eigenstates 1)":

2 2

" O e
OXROXR XR [ OXR XR XR ]
X\0 0 o0 X0 0 0
i -1 1 ti-om- [ xt 0 -1 1
-1 1 20 -1 1

Xp =y,
N

b = exp(+2me - j— ),
= ; p( JNWL
XO _ 1 ¢0 _ N wN

VN FL Y NN+ Y

R n 1 1

Io= exp(—2mi - j— )R + R+ R -

XR \/an:; p( JN)wR \/m R N(N+1>wR
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« Action in terms of mass eigenstates 1/:
N
s = Y [ die[5i (o - T
=0
- Z/d4x Yl m, + im (e — 1)) + g fm, — im (e — 1)]

— VN+1m, (¢{V¢R +@¢{V) ]
— Flat zero-mode 9/". Heavy fermion %" with mass m,v/N + 1.

~ N — 1 fermions ¥', ..., ¥V~ with complex masses, squared absolute values

- 2
im, + im(e N —1)|? = m? + 4m? sin%%) + 2m,m Sin(%n).

Different from graviton case: additional “interference” term 2m,m sm(zg,”) in the mass spectrum.

— Matching with graviton mass spectrum » slightly modified discretisation procedure for the angular direction:
Ly It — i
O > ——— =— Os—1-
6X Ay 6 Ay
Mass eigenstates unchanged, but modified complex masses for the modes ¢! ...V 1.
Squared absolute values:

™ ™
. 2sin—)[* = 1 (=)
|m, + tm/( s1nN)| m: + msm(N)

Mass spectrum of the gravitons, no interference terms.
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« Application: Small fermion masses

— Discrete version of wave function suppression mechanism. Arkani-Hamed, Dimopoulos, Dvali, March-Russel
~ Particle standard model located on the centre site B possible couplings to right-handed 3.
— Yukawa coupling after SSB
L{H)xg.
Left-handed lepton doublet L, VEV of the Higgs doublet ().

— Large number IV of lattice sites

» large mass m,v/N + 1 of heavy mode 3?

» " decouples.
1 0 N N

0 _ - -
XR \/me T wR

— Suppression of the SM neutrino mass:
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Refined scenario with warping

e Only discrete disk, no continuum description.

o kmay circles, label K = 0. .. k.. Number of sites on k" circle: N, = 3 - 2F1,

Total number of sites: N%™t = 3. 2%max _ 2 p exponential growth of lattice sites.

o Each site is linked to 3 other sites, one ingoing, two outgoing.
o Scenario with “warping™ local Planck scale on k™" circle M

My =M, - e~0,1.
o Discretisation with constant mass scale in radial direction:

m, =/ const.

IRGAC 2006 14.07.2006
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o Action: ,
— 9 4 9 i k—1.j ki k—1,j
Smass — Z Z Mk; /d 2y |:m* ) (h/flf o h;w 7])(77#1/77&5 - ﬁuaﬁyﬁxhaé o haﬁ ]) .
k=1 i,
e One branch:
gs 99 g10 911 912 913 Ji4 9gi5
o Example: First 7 gravitons (h,,,, h7,, ... hl,), mass matrix:

(2 | 1 0 0
—1 1422% 0 —€ —¢
—1 0 1422 0 0
M{M; = MimZe™ | 0 —€ 0 € 0 0
€ 0
0
0
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o General case (perturbation theory for ¢ < 1):

— 4 graviton on the £ circle: hﬁ,} k=0...Fnax, J=1...Np

~ Mass eigenstates of N™* gravitons:
H"I with mass MmN -

— One zero mode, Ay = 0:

1
0,0 _
H, = \/W(l,l,. 1)
— Two degenerate heavy modes, A\ = A2 = €2
HY = i(o, 1,213 H4mils o 0).

w3

— Heaviest mode, A\ 3 = A2
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~Foreach k=2,3,..., knax
Ny — 1 degenerate modes ), ; = €**:

1

Hffyj _ ~ (97 o Q’}’ €i27rj/N/g’€i47rj/Nk’ L €i27rj(Nk—1)/N,i’O’ 0), j=1...Np—1
s A

Localised on the k" circle.

~Foreach k =2,3,..., kmax:
One slightly heavier mode, A, y, ~ 2e:

1
(—1,...,—1,1,...,1,0,...,0).

tot J
VN Ntot Ny

kNp _
H,'* =

No support outside the k™ circle.
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Summary and conclusions
o Continuum: Extra-dimensional disk, constant curvature.

e Special discretisation with only one site in the centre.

— Massive 4D gravitons.

— Mass spectrum has a gap: (p=1...N —1)

M7 = 0,
2 _ 2 2. 27D
M7 = mj+4msin N

One heavy mode: M% = (N + 1)m?.
— Mass scales m,, m determined by disk parameters. Mass ratio tunable:

m?2 N?

s <27T)2(1 —el?).

e 6D Dirac fermion on the discrete disk.

— Massive 4D Dirac fermions, similar/equal spectrum as gravitons, same mass ratio m, /m.

— Application: Small fermion masses by discrete wave function suppression mechanism.
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o Refined discretisation.

— Exponential growth of lattice sites in radial direction.
— “Warping'™: local Planck scale depends on distance from centre.

— Graviton mass spectrum and eigenstates. Localisation properties.
o Application:

— Stronger correspondence between deconstruction models and discrete geometries.

~ Disk curvature » more flexibility in choosing/tuning mass scales.
o Outlook/work in progress:

— Graviton scattering might lead to strong coupling effects.
— Determination of range of validity in effective theories of massive gravitons.
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