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Edges and boundaries:

e Defects and space singularities
(Black holes, domain walls, cosmic strings, ...)

e Open spaces and Quantum gravity
e AdS/CFT dualities
 Brane World Physics

Boundary Effects:

 Vacuum energy sensitivity to bound. conditions
e Conformal Invariance & Renormalization Group
e Topology change and Edge states

e Holographic principle, Topological Field Theories,
D-branes and all that
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Quantum Boundaries: Scalar Fields

* Physical space 2 metric ¢ and boundary 00
* Free scalar field

1 .
Sad) = 5 [ de [ ga s [IF = V6P = V(6P
* Boundary action
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* In terms of boundary values of fields

¢ = ¢8Q 8n<P — aﬂ¢‘ag



Selfadjoint boundary conditions:

() orientable with regular boundary 0Q
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Selfadjoint boundary conditions:

() orientable with regular boundary 0Q

Balance defect of gradient term

(61, M) = (Ao, o) — /8 Vs [0,67) 62 = 67 0,03],

Boundary flux term
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e The set M of boundary conditions for self-adjoint
extensions of A is in one-to-one correspondence with

the group of unitary operators of 22(0Q, C™).
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Self-Adjoint Boundary Conditions

9 — 10,0 = U (cp + z'@ncp)

e Equivalence to von Neumann’s theory

* General type of selfadjoint boundary condition
e Group structure of the space of b.c.

* Global theory of boundary conditions

* Dynamical RG flow of boundary conditions



String theory

One-dimensional space M=1[0,t] € R
1. Dirichlet boundary conditions

—1 0
U]I(O 1) 9(0) = o(n) =0

2. Neumann boundary conditions

1 O Lo i
U]I(O 1) 9 (0) = ¢'(n) =0

3. Periodic boundary conditions

U=o, = (? ;) 9(0) = (0



M = Uf\;l[éll', b;] € R
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TOPOLOGY CHANGE



hiral boundary conditions and edge states

In the annulus there are chiral boundary conditions:

an(POut — Zaﬂ Dours
an(Pz'n — _iﬁﬂ Din
with chiral edges localized at the boundaries



Cayley Transform

1. If —1 ¢ SpU the boundary condition reduces to

n1T—-U
H+U@_ i

0, =

2. 1f 1 ¢ SpU the boundary condition reduces to

cp—z]]TrU(?nq) A lﬁnq)




Cayley Transform

A

If —1 ¢ SpU the boundary condition reduces to

IT-U
= —ip g e=Ae

2. 1f 1 ¢ SpU the boundary condition reduces to

I+ U
LA

@@:Aq@@

Cayley transform
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Cayley submanifolds

Cayley submanifolds:

Cy — {U U (L1Ar,c")

£1eSp)}

R

e e —

The topology of the space of selfadjoint boundary
condition is non-trivial

m [UWLPO0,C)] =2z



Cayley submanifolds. Maslov index
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Cayley submanifolds. Maslov index

The Maslov index of a closed path

v: SU— U009, CY)) of selfadjoint boundary
conditions is

1

2T
i) = 5= | 0y log dec' (@)
0

e The Maslov index of a closed path v is equal to the

indexed sum of crossing of v throught the Cayley
submanifold C_

2T

vm(Y) = [ Oyn(y(D))dd

0
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Topology change and edge states

Now A with arbitrary boundary condition may not be
a positive operator:

(U1, AWy) = (VU, V) — (91, Ag,)

where A is the Cayley transform of U

e In field theory only boundary conditions with
AY > 0 positive are admissible by unitarity

e For any selfadjoint extension AY of A with —1 € SpU
and smooth eigenfunction, the family of selfadjoint

extensions AY with U, = Ue” and 0 < # << 21 has one
negative energy level £ which corresponds to an

edge state: £. — —occast— 0
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Boundary Conditions and Symmetries

Real Scalar Fields
CPsymmetry UT = U*, U=UT

U = +1 (Neumann, Dirichlet)

- A, B
BT A,

Ay =AT, Ay = AT A\ B* + BAL = 0

BB + A1A1 =1, A,AL + BTB* =1
One Real Scalar Field

—

U = a I + i1d-G
U = +1 (Neumann, Dirichlet)

U = cosa o, + sinao, (quasi — periodic)
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RG and Boundary Conditions
In the continuum RG is defined by
6 (F) = L916() — £2(0]

£ € C(Q) is short range (7) fluctuating field

OnL (%) = L0,0(x0) — 0,81 ()] = ALY () = ALy (%)

The boundary condition
0.0 =Ag

becomes renormalized
091 = ALQr

with A, = L9111 A,
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RG and Boundary Conditions

For more general boundary conditions the continuum
RG is defined by

1
AULoLUL = 5 (U] - un)

or n
UioU, = 5 (Uj - Ut)

for L = L,¢".
* Fixed points correspond to selfadjoint bc UT = U

* Dirichlet and Neumann bc (U = = 1) are RG
Invariant

* For mixed boundary conditions the RG flow goes
from Dirichlet (UV) to Neumann (IR)

. —t
U o e21 arctan e H
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Ciclic RG and Boundary Conditions

e Critical exponents of boundary conditions RG flow

are +1
D

P
* Regular boundaries do not have cyclic RG flows

e Cyclic RG with circle limits appear in some
guantum systems with singular boundaries.
[Glazek-Wilson]

* Also in some topological field theories as Russian
Doll model of superconductivity [LeClair-Sierra]
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Casimir Energy: Pseudo-periodic b.c.

U = cos2n) o, — sin 210 o,

Vacuum Energy

wei i (0-3))

Pseudo-periodic boundary Conditions
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periodic ©
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Casimir Vacuum Energy
Robin b.c.: U = ™1
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Casimir Vacuum Energy
Robin b.c.: U = ™1

tan « tan «
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Vacuum Energy
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Casimir Energy: Quasi-periodic b.c.

U = cosao, —sino o,

Vacuum Energy

=

Casimir Energy

|
c'\|_n
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Zaremba conditions

Uz =0.  ¢(0)=0,¢(L) =0
Vacuum Energy

T/ 1
%—z(@)

Strings and D-branes

&
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Conf. Invariance & Renorm. Group
Conformal symmetry

All conformal invariant boundary conditions are
in Cayley Submanifolds

Dirichlet, Neumann, pseudo-periodic and
qguasi-periodic b.c. are conformal invariant

Renormalization of boundary conditions

Neumann, Dirichlet and periodic b.c. are stable
conformal invariant fixed points

Neumann b.c. is the most stable reqular fixed
point

Dirichlet and periodic b.c. fixed points are circled
by singularities

Cyclic fixed points appear only with singular
boundarv condition (Russian doll)
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