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Scalar-Tensor Theories

gµν −→ (gµν , ϕ)

Brans-Dicke Theory :
G −→ ϕ

Scalar fields in Cosmology:
General Relativity −→ ST

Riccardo Catena (DESY Theory) IRGAC 2006 3 / 20



EF and JF Scalar-Tensor Theories

Einstein frame action

SG =
M2

∗

2

∫

d4x
√
−g [R(g)− 2 gµν∂µϕ∂νϕ− 4V (ϕ)]

+ SM

[

e−2b(ϕ)gµν , φ, ψ
]

g̃µν = e−2b(ϕ)gµν

Jordan frame action

SG =
M2

∗

2

∫

d4x
√

−g̃ e2b(ϕ)
[

R(g̃)− 2 g̃µν∂µϕ∂νϕ (1− 3α2)−

− 4Ṽ (ϕ)
]

+ SM

[

g̃µν , φ̃, ψ̃
]

; α ≡
db
dϕ
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The standard prescription

Example of a non frame-invariant result:
freeze-out→ H & aΓ

the standard prescription: solve the cosmological equations in the
Einstein frame, translate the results in the Jordan frame and,
finally, compare such a Jordan frame results with the experiments.
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The Weyl rescaling

g̃µν = e−2b(ϕ)gµν
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The Dicke’s argument

BA

u

L ≡ ĀB ; u ≡ unit of measure =⇒ l = L
u

u −→ λ−1/2u

l −→ λ1/2l

ds ≡ (gµνdxµdxν)1/2

ds −→ λ1/2ds

gµν −→ λgµν

λ(xµ) = e−2b[ϕ(xµ)]
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Transformations under a change of units

l −→ e−b(ϕ)l
~x −→ ~x

τ −→ τ

m −→ eb(ϕ)m

φ −→ eb(ϕ)φ

ψ −→ e
3
2 b(ϕ)ψ

Aµ −→ Aµ

Γ −→ eb(ϕ)Γ

σ −→ e−2b(ϕ)σ
...
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The reference length lR

lR −→ e−b(ϕ)lR

m̄ ≡ lRm

φ̄ ≡ lRφ

ψ̄ −→ l
3
2
Rψ

...

Γ̄ ≡ lRΓ

σ̄ ≡ l−2
R σ

hµν ≡ l−2
R gµν
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Frame-invariant action

S = SG[hµν , ϕ] + SM [hµνe−2b[ϕ], φ̄ , ψ̄ , . . . ; λ̄n]

SG = κ

∫

d4x
√
−h
[

R(h)− 2 hµν∂µϕ∂νϕ− 4V̄ (ϕ)
]
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Some comments

1 + z ≡
λo

λe

λo −→ e−b(ϕo)λo

λe −→ e−b(ϕe)λe

⇒ λo
λe

is not frame-invariant

1 + z ≡ λo
λe

leR
loR

To work with dimensionless quantities is not a sufficient condition
to have a frame-invariant formalism
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In this language to choose a frame corresponds to choose a
system of units

SG = κ

∫

d4x
√
−h
[

R(h)− 2 hµν∂µϕ∂νϕ− 4V̄ (ϕ)
]

lR ≡ const =⇒ EF

lR ≡ const× e−b(ϕ) =⇒ JF
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Energy-Momentum Tensor

Pµ = mg uν
dxν

√
−ds2

= m̃ ˜gµν
dxν

√
−ds̃2

(

x i ,Pj
)

frame-invariant phase-space

f (x i ,Pj , τ)dx1dx2dx3dP1dP2dP3 = dN

T̄ µ
ν ≡ l4RT µ

ν = gs

∫

d3P
(2π)3 (−g)−1/2 PµPν

P0 f (x i ,Pj , τ)
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Background equations

(

˙̄a
ā

)2

−
2
3

(

1
2
ϕ̇2 + ā2V̄

)

=
1

6κ
ρ̄ā2

¨̄a
ā

+
1
3

(

ϕ̇2 − 4ā2V̄
)

= −
1

12κ
ρ̄ā2(1− 3w)

˙̄ρ+ 3 ρ̄ (1 + w) ˙̄a/ā = −α ϕ̇ ρ̄ (1− 3w)

ϕ̈+ 2
˙̄a
ā
ϕ̇ + ā2 ∂V̄

∂ϕ
=

α

4k
ā2 ρ̄ (1− 3w)
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ā2 ρ̄ (1− 3w)

Riccardo Catena (DESY Theory) IRGAC 2006 14 / 20



˙̄ρ+ 3 ρ̄ (1 + w) ˙̄a/ā = −α ϕ̇ ρ̄ (1− 3w)

ρ̄ = (lER )4ρE = (lJR)4ρJ ; ā = aE/lER = aJ/lJR

lER ≡ const

˙̄ρE + 3 ρ̄E (1 + w) ˙̄aE/āE = −α ϕ̇ ρ̄E (1− 3w)

lJR ≡ const× e−b(ϕ)

˙̄ρJ + 3 ρ̄J (1 + w) ˙̄aJ/āJ = 0
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Perturbations

ds2 = a2(τ)
[

−(1 + 2 Ψ)dτ2 + (1− 2 Φ)δijdx idx j
]

ds2 −→ ds̃2 = e−2b(ϕ)ds2

b(~x , τ) = b̄(τ) + δb(~x , τ)

ds2 = a2(τ)e−2b̄
[

−(1 + 2 Ψ− 2 δb)dτ 2 + (1− 2 Φ− 2 δb)δijdx idx j
]

Ψ −→ Ψ− δb

Φ −→ Φ + δb
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ā ≡
a
lR

Ψ̄ ≡ Ψ−
δlR
lR

Φ̄ ≡ Φ +
δlR
lR

dh2 = ā2(τ)
[

−(1 + 2 Ψ̄)dτ2 + (1− 2 Φ̄)δijdx idx j
]
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Frame-invariant freeze-out

∂fχ
∂τ

+
dx i

χ

dτ
∂fχ
∂x i

χ

+
dPχ

j

dτ
∂fχ
∂Pχ

j
=

[

dfχ
dτ

]

C

χ←→ a + b
(

x ≡ mχ

T

)

d nχ
c

d log x
= −

Γ a
H(1 + m′

χ/mχ)
(nχ

c − nχ
c

0
)

Γ a >
∼ H(1 + m′

χ/mχ)
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Frame-invariant geodesics

P0 dPµ

dτ
+ Γµ

λσ Pλ Pσ = −m ∂σ m gσµ

Pi = (1− Ψ̄)qi

P0 = −(1 + Ψ̄)ε

ε =

√

q2 + ā2m̄2 qi ≡ qni

q̇ = q
∂

∂τ
Φ̄− εni

∂

∂x i Ψ̄
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Conclusions

EF and JF are related each other by a transformation of units

We introduced a frame-invariant formalism and, as an example,
we applied it to the geodesics motion and to the Boltzmann
equation

As in perturbation theory all the physical observables can be
written in terms of gauge-invariant variables, in scalar-tensor
theory all the physical observables can be written in terms of
frame-invariant variables
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